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INTRODUCTION 
Let X be a real Banach space, D a closed subset of X, and T a continuous 
mapping of D into X. Assuming that for a given x,, in D and h in (0, 1) the 
sequence of iterates (xn} determined by the successive iteration method 
(i) x, = T(x,-J = Tn(x,), n = 1, 2, 3 ,..., 
or the simple iteration method 
(ii) x, = T,(x,-,) = TAn(x,), T, = Al + (1 - X) T, n = 1,2 ,..., 
is well-defined, the purpose of this paper is to obtain conditions, as general 
as possible, on T, D, and X which would guarantee the convergence (i.e., 
the strong convergence) and, under weaker conditions on T, the weak 
convergence of the iterates {xn} to a fixed point of T in D. It will be seen 
from the survey below that our results (which, for the case of convergence of 
(i) and (ii), are the best possible) unify and extend to a larger class of map- 
pings and, in some cases, to more general Banach spaces many of the known 
results concerning the convergence and the weak convergence of (i) and (ii) 
for nonlinear mappings. 
Concerning the convergence of (i) and (ii). To describe our problem more 
precisely and to put our discussion and results in proper perspective, we 
first outline in chronological order the main known results concerning the 
convergence of the methods (i) and (ii). 
The first basic result is the classical Picard-Banach-Caccioppoli principle 
which essentially states that if T is a strict contraction of D into D (i.e., 
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]I T(x) - T(y)11 < 4 11 x - y jj for all x, y in D and some 4 < l), then {x~} 
given by (i) converges to a unique fixed point of T. It is known (e.g., a 
rotation of the unit disc) that if T is assumed to be only nonexpansive on D 
(i.e., // T(x) - T(y)11 < jl x - y I] Vx, y ED), then T”(x,,) need no longer 
converge; in fact, in general, T need not have a fixed point (see [l I]). How- 
ever, it was shown by Krasnoselsky [24] that if X is uniformly convex, D 
a closed bounded convex subset of X, and T a compact (i.e., T is continuous 
and T(D) is relatively compact) map of D into D, then { T+n(x,,)} converges to a 
fixed point of T. Schaefer [40] extended the result of [24] to the case when 
{x~} is given by (ii), while Edelstein [16] extended it to the case when X is 
strictly convex. In the case that X is a Hilbert space and D a closed ball 
B(0, r), Petryshyn [31] extended the results of [24, 401 to demicompact (see 
Section 2) nonexpansive mappings T of B into X which satisfied the Leray- 
Schauder conditions on the boundary %B of B. The method used in [31] 
is the so-called iteration-retraction method which, in view of the results of 
[12], can only work for Hilbert spaces and which reduces to (ii)in case T maps 
B into itself. Browder and Petryshyn [S, 91 carried further the results of [24, 
40, 311, investigating the convergence of {xn> given by (i) and/or by (ii) for 
nonexpansive maps T of X into X which are asymptotically regular (see 
Section 2) and for which I - T maps bounded closed sets into closed sets. 
See also [34] where similar results are obtained for maps from a closed bound- 
ed convex subset D of X into D. Further extensions concerning the conver- 
gence of (i) and (ii) have been obtained by Diaz and Metcalf [13, 141 
and by Dotson [15] for quasi-nonexpansive maps (i.e., T is such that 
]I T(x) -p 11 < I] x - p I/ for x in D and p eF(T), set of fixed points of T) 
and by Outlaw [30] f or certain nonexpansive mappings. Petryshyn and 
Tucker [38] considered the case of nonexpansive and Pi-compact maps while 
Petryshyn [35] studied the convergence of (ii) when T is nonexpansive and 
condensing (see Section 2). 
It is interesting to observe that, in order to establish the convergence of 
Ph)) or VA’%)) to a fixed point of T, each of the above authors had to 
impose certain additional conditions on the nonexpansive or quasi-non- 
expansive map T with F(T) # 0. J. Lindenstrauss informed the first author 
that he had constructed an example of a nonexpansive map T of the unit ball 
B(0, 1) of a Hilbert space into B(0, 1) for which {T;“(x,,)} does not converge 
to a fixed point of T although F( T+) = F(T) # 0 and T+ is asymptotically 
regular on B. Thus, even for a nonexpansive map T of B into B with F( T)# ia 
and with T,, asymptotically regular on B, some additional condition has to be 
imposed on T for the sequence {zn> given by (ii) to be convergent to a fixed 
point of T. 
In Section 1 we show in Theorem 1.1 that if D is a closed subset of a Banach 
space X and T is a continuous map of D into X such that F(T) # C.Z, T is 
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quasi-nonexpansive, and T”(x,,) ED for 71 >, 1 and some x0 in D, then 
{T9”(xo)) converges to a fixed point of T in D if and only if 
(iii) d(Tn(x,),F(T)) + 0 as n -+ Co, 
where d(A, C) denotes the distance between the sets A and C. In case D 
is also convex and TAR(xo) E D for n 3 1 for some x0 in D and h in (0, I), then 
under the same conditions on T, {TAn(xo)> converges to a fixed point of T 
if and only if 
(iv) d(TAn(xo), F(T)) -+ 0 as n + 00. 
The characterization Theorem 1.1 is then used to obtain two other new 
theorems in Section 1 which exhibit sufficient conditions for the convergence 
of (i) and similarly of (ii) which are more practical. 
In Section 2 we use Theorems 1.1, l.l’, 1.2, and 1.3 to obtain new as 
well as some known results concerning the convergence of {x%} given by (ii) 
for various special classes of mappings of quasi-nonexpansive and l-set 
and/or l-ball contractive mappings. In particular we deduce from our 
theorems and corollaries the known convergence results obtained in [8, 14, 
15, 24, 30, 34, 35, 38, 401. Some new results are also contained in Section 2. 
In Section 3, Part 1, we study the convergence of (i) and (ii) under the 
assumption that T is strictly quasi-nonexpansive and that T satisfies the 
so-called Frum-Ketkov condition [ 181. All these convergence results appear 
to be new. In Part 2 of Section 3 we study the convergence of (i) and (ii) for 
the case when X is a strictly convex Banach n&-space and T is a quasi- 
nonexpansive mapping which is Pi-compact in the sense of Petryshyn [32,34]. 
As special cases we deduce the corresponding convergence results of Petryshyn 
and Tucker [38]. 
Concerning the weak convergence of (i) and (ii). We have noted that, even 
for a nonexpansive map T of a unit ball in a Hilbert space into itself, for {xJ 
given by (i) or by (ii) to converge to a fixed point of T the additional condition 
(iii) or (iv) has to be imposed. The question arises whether {xJ converges 
weakly to a fixed point of T without any additional conditions. 
In this direction the first result is due to Schaefer [40] which says that if X 
is a Hilbert space, D a closed bounded convex subset of X, and T a non- 
expansive weakly continuous map of D into D, then {xn} given by (ii) con- 
verges weakly to a fixed point of T. Browder and Petryshyn [8] have shown 
that if X is a reflexive Banach space and T a nonexpansive and asymptotically 
regular map of D = X into X such that I - T is demiclosed (see Section 4) 
and F(T) # ,B, then a weak limit of a weakly convergent subsequence of 
{ T”(x,)} is a fixed point of T, and moreover, {xn} converges weakly to a fixed 
point of T if F( T) contains just one point. In particular, if X is a Hilbert space 
or a Banach space with a weakly continuous duality mapping and (x~} is 
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determined by (ii), then TA is asymptotically regular and I - T,, is demiclosed 
and so weak limit points of ( T,‘$Y,))] are fixed points of T. Opial[29] extended 
the results of [40, 81 by showing that if X is a uniformly convex Banach space 
with a weakly continuous duality map (and, in particular, a Hilbert space) 
and if T is a nonexpansive asymptotically regular map of a closed convex 
subset D of X into D with F(T) # 0, then {x,} given by (i) is weakly con- 
vergent to a fixed point of T. In the same setting, if {x~} is given by (ii), then 
(xn> converges weakly to a fixed point of T without the condition that T be 
asymptotically regular since for Th the latter follows from the results in [8]. 
Results related to [40, 8, 291 have been also obtained by Dotson [15] for the 
so-called Mann method. In case of Hilbert spaces, further extensions have 
been obtained by Browder and Petryshyn [9]. 
The purpose of Section 4 is to unify and extend the results of [8, 29, 401 
and of [3, 151 to various classes of quasi-nonexpansive mappings (for which 
the map IT- T or 1- T, satisfies a condition (see Condition 3.1 in Theorem 
3.1) which is weaker than the demiclosedness condition used in [8, 15, 291) 
and to Banach spaces which are slightly more general than those used in 
[15, 291. 
1. CONVERGENCE OF ITERATES OF QUASI-NONEXPANSIVE MAPPINGS 
In this section the investigation of the convergence of iterates of quasi- 
nonexpansive mappings is carried out usually under the assumption that the 
set of fixed point is already known to be nonempty. A simple yet central 
approach is developed from which varyingly-derived known results of a 
number of authors as well as some new ones will be deduced. 
Let X be a real Banach space with norm I/ * I/ . If A and B are two sets in X, 
denote the distance between A and B by 
d(A, B) = inf{lj a - b II 1 a E A, b E B), 
and the distance between a point p and a set A by d(p, A). If T maps D C X 
into X, then denote the set of fixed points of T in D by F,,(T), or simply 
F(T), whenever the underlying set is clear. 
The first basic result of this section is the following new theorem character- 
izing the convergence of iterates. 
THEOREM 1.1. Let D be a closed subset of a Banach space X and let T 
map D continuously into X such that 
(1.1) F(T) # P, 
(1.2) For each x E D and eaeryp EF(T), 
II TX - P II < II x - P II . 
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(1.3) There exist an x,, E D such that 
x, = Tn(x,) E D for each n > 1. 
Then (xn} converges to a jixed point of T in D if and only if 
1,” d(xn , F(T)) = 0. 
Proof. Clearly the condition limn_,m d(xn , F(T)) = 0 is necessary. For 
the sufficiency, assume limn_,m d(xn , F(T)) = 0. Show now that (xn} is a 
Cauchy sequence. Given E > 0, then there exists an nI E N such that for all 
n > n, , d(x, ,F(T)) < c/2. Since for all 1, k > nr , 
where p E F( T), (1.2) implies that 
II xz - P II = II Tz(xo) -P II < II ~“‘(d - P II 
and 
11 xk -P 11 = I/ T%,) - P 11 < 11 T’Yx,) -P !I . 
Hence, 
II xz - % II 6 2 II %a1 -P II Y P EF(T). 
Taking the infimum over p E F( T), we get the relation, 
/I xz - xk II d 2d(xnl , F(T)) < 6. 
So {xn} is Cauchy and hence converges to some x* E D, since D is closed. 
Furthermore, since T is continuous F(T) is closed and therefore 
ii d(xn , F(T)) = 0 
implies that x* E F( T). Q.E.D. 
Condition (1.2), which will be referred to as “T is quasi-nonexpansive”, 
was introduced by Tricomi [41] for real functions, and later studied by Diaz 
and Metcalf [13, 141 and by Dotson [15] f or mappings in Banach spaces. That 
this class of mappings properly includes nonexpansive mappings is seen by 
the following example [15]. 
EXAMPLE 1.1. Let X be the real line and let T be defined as follows: 
T(0) = 0 
Tx=$sin(i), for x # 0. 
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The only fixed point of T is 0, since if x # 0 and TX = x, then 
1 x = X sin - 1 
2 x’ Or C i 
2 = sin - 
( 1 X 
which is impossible. 
T is quasi-nonexpansive since if y E X, p = 0, then 
However T is not a nonexpansive mapping. This is seen by choosing x = 2/7r 
and y = 213~. For then, 
2 . 377. 2 4 
II TX- TY It =$ 2 3a sin 1L - _ sin _ = _ . _ 2 ~ 3 = $, 
whereas, 
See note added in proof. 
The above characterization theorem yields the validity of the following 
practically useful theorem. The following definition will be needed first. 
DEFINITION 1.1 (Browder and Petryshyn [S]). If T is a mapping of 
D C X into D such that for every x E D, 
$ I/ T”(x) - Tn+l(x)ji = 0, 
then T is said to be asymptotically regular on D. T: D + X is asymptotically 
regular at x0 E D if Tn(x,) - Tn+l(x,,) + 0 as n + co whenever T”(x,,) is 
defined for all n. 
THEOREM 1.2. Let D be a closed subset of a Banach space X, and let T map 
D continuously into X. Assume that 
(1.1) F(T) # 8. 
(1.2) T is quasi-nonexpansive. 
(1.3) There exist an x,, in D such that x, = T”(x,) E D JOY all n >, 1. 
(1.4) T is asymptotically regular at x,, . 
(1.5) If {y,} C D, n > 1, and il(I- T)y, 11 -+O as n-+ co, then 
limninf d( yn , F(T)) = 0. 
Then {xn> converges to a jxed point qf T in D. 
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Proof. Since T”(x,) E D for n >, 1, T is asymptotically regular at x0 , and 
(I - T) T”(x,) = Tn(x,,) - Tn+‘(xo), we see that lim,,, l/(1 - T) x, [I = 0. 
Hence, by (1.5), 
limninf d(xn , F(T)) = 0. 
By (1.2), the sequence (4~ , F( T))h is monotonically decreasing and hence 
lb+, 4~ , F(T)) = 0. Therefore, by Theorem 1.1, (x%) converges strongly 
to a fixed point of T in D. Q.E.D. 
The following compact nonexpansive operator defined on a unit ball B 
in a Hilbert space provides an example of a mapping which is asymptotically 
regular at some points in B but not at others. 
EXAMPLE 1.2. Let B = B(0, 1) be the unit ball in R2 with the usual 
norm. Define T: B--f B by 
where (x, y) denotes the usual coordinates for R2. 
(a) T is nonexpansive. If (xi , yi) and (x2 , yJ E B, then 
,, WI ,YI> - T(x, ,Y~W = 11 (- 5 9 -rl) - (- 2 > -y2)/12 
= a(% - .2Y + (Yl -Y212 
G (Xl - x2j2 + (Yl -Y2j2 
= ll(% > Yl) - (x2 ,Y2)l12* 
Hence T is a nonexpansive mapping of B into B, and since B is compact, then 
T is also a compact mapping. 
(b) F(T) # 0; in fact (x, y) = (0,O) is the only fixed point of T in B. 
(c) If (x, y) E B, then, by a simple calculation, 
II T’Yx, y) - Tn+l(~,y)l12 = (&)’ + (ZY)~, for any n. (+) 
Hence, at all points x in B on the line y = 0, T is asymptotically regular at z, 
and T is not asymptotically regular at any other points in B. 
As another consequence of Theorem 1.1, the following practically useful 
theorem provides general sufficient conditions for the convergence of iterates. 
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THEOREM 1.3. Let D be a closed subset of a Banach space X. Let T map D 
continuously into X such that 
(1.1) F(T) # 0. 
(1.2) T is quasi-nonexpansive. 
(1.6) For every x E D - F, there exists p, E F( T) such that 
IITx-~P,ll<llx-PP,II. 
(1.7) There exists x,, E D such that T*(x,) E D, for all n 3 1, and 
(x,} E {Tn(xo))~zo contains a convergent subsequence {x,,)~)~ converging to 
some x* E D. 
Then x* E F(T) and {xn} converges to x*. 
Proof. Condition (1.2) implies that limn-tlo d(xn , F(T)) = d > 0 exists. 
Hence it suffices to show that d = 0, for then, Theorem 1.1 may be applied. 
If x* EF( T), then d = 0. If x* $ F(T), then by (1.6), there exists a 
p = p, EF(T) such that /I TX* - p I/ < II x* -p 11. But also by the con- 
tinuity of T and the condition (1.7) we have the relation 
II TX* -P II = II Wb x,J -P II = ;i% II Tnj”(x,,) -P I/ 
= ;z II T’YxtJ - P II = $ II TYx,) -P II 
= f& !I xnj - P II = II yz Gj - P II = II x* - P II , 
where the middle equalities hold since (1.2) implies that limneao I/T”(x,) - p (1 
exists. This is a contradiction, hence x* E F(T) and the theorem is proven. 
Q.E.D. 
In the presence of (1.2), (1.6) is implied by: (1.8) For every x E D, where 
x $W’), d(Tx,F(T)) < d&F(T)). 1 n condition (1.7) a convergent subse- 
quence must be assumed in view of the Hilbert space example of Diaz and 
Metcalf [14, p. 4711. The following corollary of Theorem 1.3 is due to Diaz 
and Metcalf [14]. 
COROLLARY 1.1. Let D be a closed subset of a Banach space X, and let T 
map D continuously into D such that 
(1.1) F(T) # 0. 
(1.9) For every x E D, where x $ F(T), and every p E F( T), 
IITX-PII ax-pll. 
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Let x0 be an arbitrary element of D, and define x,, = T”x, , n 3 1. If {x,} 
contains a convergent subsequence, then the whole sequence converges to a Jixed 
point of Tin D. 
The proof of the above corollary is immediate since (1.9) implies both (1.2) 
and (1.6). Although Theorem 1.3 and the above theorem of Diaz and Metcalf 
were proven in the same manner, the following example satisfies the hypo- 
theses of Theorem 1.3 but not those of Corollary 1.1, i.e., Theorem 1.3 is a 
proper generalization of Corollary 1.1. 
EXAMPLE 1.3. Let H be a separable real Hilbert space with orthonormal 
basis {cY~}~~,, . If i E H, denote 9 = (x,, , xi ,...), where xi is the ith coefficient 
in the representation of 2 in the basis {cQ}. Let H+ = (9 E H 1 xi > 0}, and 
let ri = (1, 0, 0 ,... ). Take as a domain the set D = H n B(ci, l), where 
B(B, 1) is the ball of radius 1 with center ri. Note that if 2 ED, then x,, > 0 
and x1 >, 0. Define the mapping T: D -+ H as follows: for every $ E D, 
4 = (x0 , x1 , x2 ,... ), define 
T(9) = ((~2 + x12)1j2, 0, x2 , x, ,... ). 
(a) Now, T is nonexpansive, for if 32, jJ E D, where 4 = (x, , x1 ,...) 
andj = (y,, , yi ,...), then 
and 
!I LQ - 9 II2 =,zo I xi - Yi I2 
11 T& - Tg jj2 = [(xo2 + x12)1’2 - (yo2 + ~,2)l’~]~ + C 1 xi - yi j2. 
i>2 
So it suffices to show 
[(x0” + X12F2 - (Yo2 + Y12W G 6% - YlJ2 + 6% - Yd2, 
or equivalently, to show 
602 + X12P2 (Yo2 + Y12F2 3 XOYO + w5 - 
Since x1 , yr , x,, , y. are all nonnegative, then squaring both sides, it suffices 
to show 
2XOYox1Yl G “l”YO” + X02Y127 
which is always the case since 
(XlYO - Y1Xoj2 a 0. 
(b) Now T(D) C D. Indeed, by the form of T, T(D) 2 H+. Since ci is a 
fixed point of T and T is nonexpansive, then T(D) C B(ri, 1). Therefore 
T(D) C Hf n B(ci, 1) E D. 
409/43/z-12 
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(c) F(T) = {a E D 1 x1 = 0}, clearly, and note that T(D) = F(T). 
(d) Condition (1.6) is satisfied, for if x E D - F(T), then let 
p, = TX E F(T). So then 
(e) If x0 E D, arbitrarily, then the sequence of iterates becomes constant 
after one step, hence (1.7) is satisfied for every x0 E D. 
(f) Condition (1.9) of Corollary 1.1 is not satisfied, since $ E F( T) and 
for every 2 E D - F 
So this is an example of a nonexpansive, noncompact mapping T defined on a 
closed bounded convex set D in a Hilbert space, T: D + D, and the iterates 
of any point converge to a fixed point of T. In addition, convergence is 
guaranteed by Theorem 1.3 but not by Corollary 1.1, whose hypotheses are 
not satisfied. 
In the following characterization and later sections we shall say that a 
mapping T: D -+ X is conditionally quasi-nonexpansive if T is quasi-non- 
expansive whenever F( T) # g. The following theorem is proven without the 
prior assumption of knowledge about F( T). 
THEOREM 1.4. Let D be a closed subset of a Banuch space X. Let T be a 
conditionally quasi-nonexpansive mapping of D into X. Suppose { Tn(x,,)),>I C D 
for some x,, E D. Then the sequence {Tn(x,,)},21 converges trongly to a fixed 
point of T in D if and only if 
(1.4) T is asymptotically regular at x0 . 
(1.10) There exists a compact set K such that 
ti% d(T”(x,), K) = 0. 
Proof. The forward implication is immediate. For the reverse implication, 
assume (1.4) and (1 .lO). Since (1 .lO) holds, with K compact, then there 
exists y,, E K n D and a subsequence { Tnr(x,,)}i>l of {T~(x~)},>~ such that 
T”j(x,) -+ y,, . By the continuity of T, T”j+l(x,) --f Ty, . Since T is asymp- 
totically regular at x,, , the inequality 
II yo - Tyo II G II yo - T”@o)ll + II Tnj+‘(xo) - T(ro)ll 
+ 11 Tnj(xo) - Tnj+l(xo)l] 
implies Ty, = y. . Hence y. E F(T), and therefore the conditional quasi 
nonexpansiveness of T implies that the whole sequence { P(x~)),+~ converge: 
strongly to y. . Q.E.D. 
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This characterization of the strong convergence of iterates differs from 
Theorem 1 .l in that Theorem 1.4 does not require the assumption that 
F(T) # 8 or some knowledge about F(T) (such as d( P(x,,),F(T)) --+ 0 as 
a---f W) but, instead, it requires T to satisfy (1.4) and (1 .lO). 
Remark 1.1. Although we have formulated Theorems 1.1 to 1.4 in terms 
of Banach spaces, a careful examination shows that only the distance function 
between points and sets has been used. Hence Theorems 1 .l to 1.4 are also 
valid for general complete metric spaces. 
For Banach spaces, Theorems 1 .l to 1.4 can also be formulated for the 
sequence {xn} given by the iteration method (ii). Thus, for example, the 
characterization Theorem 1.1 yields the following result for T,, . 
THEOREM 1.1'. Let D be a closed convex subset of a Banach space X and 
let T be a continuous mapping of D into X such that 
(1.1) F(T) # !A 
(1.2) T is quasi-nonexpansive. 
(1.3’) There exists an x,, in D such that x, = Tn”(x,) E D for each n 3 1 
and some h in (0, 1). 
Then {xn} converges to a jixed point of T in D if and only ;f 
d( TA”(x,), F(T)) -+ 0 as n + co. 
Proof. To prove Theorem l.l’, it suffices to show that the operator TA 
satisfies conditions (1. l), (1.2), and (1.3) of Theorem 1 .l. Now, since D is 
also convex, T,, is well-defined on D and F(T) = F(T,). Since, for each h 
in (0, l), x in D, and p inF( T), the condition (1.1) implies that 
II Tdx) - P II = I! Ax + (1 - 4 T(x) - AP - (1 - A) P II 
~~II~-~ll+~~--h)ll~~~~-~ll~ll~-~ll, 
we see that T,, is also quasi-nonexpansive. Now, by hypothesis, there exists an 
x,, in D such that TA”(x,) E D for each n 3 1. Hence Theorem 1.1’ follows 
from Theorem I. 1, that is, it is in fact a restatement of Theorem 1.1 for the 
mapping T,, . Q.E.D 
2. APPLICATIONS TO NONEXPANSIVE MAPPINGS AND TO 
I-SET AND I-BALL CONTRACTIONS 
In this section we use Theorem 1 .l and its consequences, Theorems 1.2 
and 1.3, to obtain new as well as some known results concerning the con- 
vergence of the iterates {T,,“(x,)} f or various special classes of quasinon- 
expansive mappings. 
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Before we state certain corollaries for nonexpansive mappings defined on 
closed bounded convex subsets of X we need the following definition. 
Following Petryshyn [31] we say that a map T of D C X into X is demi- 
compact at f if, for any bounded sequence {x~} in D such that x, - T(x,) -+f 
as n -+ co, there exists a subsequence {x,~,} and an x in D such that x,, + x 
as I’- CO and x - T(x) = f. T: D -+ X is demicompact on D if T is demi- 
compact for each such f. 
Clearly, when T is demicompact on D, then it is demicompact at 0 but the 
converse is not true. It is also obvious that if T: D + X is compact, then T is 
demicompact on D. Also, if S: D -+ X is a strict contraction and C: D + X 
is compact, then T = S + C: D + X is demicompact on D. For the dis- 
cussion of demicompact mappings see [3 I]. 
As a first consequence of Theorem 1.2 we have the following corollary. 
COROLLARY 2.1. Let X be a uniformly convex Banach space, D a closed 
bounded convex set in X, and T a nonexpansive mapping of D into D such that T 
satisfies any one of the following two conditions: 
(2.1) (I - T) maps closed sets in D into closed sets in X. 
(2.2) T is demicompact at 0. 
For any A, 0 < h < 1, define TA = AI + (1 - A) T. Then for any x,, E D, the 
iterates x, EE T,“(x,), n 3 1, converge strongly to a fixed point of T in D. 
Proof. It suffices to show that T,, satisfies conditions (1 .l)-(1.5) of Theo- 
rem 1.2. By a result due to Browder [5], Giihde [21], and Kirk [23], a non- 
expansive self-mapping of a closed bounded convex set in a uniformly convex 
space has a fixed point, i.e., F(T) # 0. Clearly F(T) = F(T,) # fl and TA 
maps D into D since D is convex. The nonexpansiveness of T (and hence of 
TJ implies (1.2). The condition (1.3) holds for every x0 in D and Browder 
and Petryshyn [8] showed that T,, is asymptotically regular on D and hence 
(1.4) also holds for every x0 in D. Suppose {m} C D, n > 1, and 
li(I - TJ yn /I -+ 0 as n ---f co. Assume first that (2.1) holds and let G be the 
strong closure of the set (m}. G is a subset of D, and by (2.1) and 
(I - TJ G = (1 - X) (I - T) (G) we see that (I - T,J (G) is closed; hence 
0 E (I - TJ (G). So then there exists y* E G such that (I - TJ y* = 0, and 
there exists { yn,}jZ1 , a subsequence of {m}, such that y,, -+ y* asj -+ co with 
y* E F( T). Hence d(y,, , F( TJ) -+ 0 as j---f co and therefore 
limninf d( yn , F( TA)) = 0, 
which yields the validity of condition (1.5). If T satisfies condition (2.2), then 
(1.5) follows from the demicompactness of T at 0. 
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Remark 2.1. Joran Lindenstrauss informed the first author that he had 
constructed an example of a nonexpansive mapping T of a unit ball B(0, 1) 
of a Hilbert space into itself with F(T) # P, for which the sequence { T$“(x,)} 
does not converge to a fixed point of T. Consequently, for the sequence {xn} 
of iterates constructed by the simple method X, = TA”(xo) to be convergent 
to a fixed point of a nonexpansive mapping T: D + D (withF(T) # Ca) some 
additional condition on T has to be imposed. It appears that our hypothesis 
“,( T,,“(x,), F(T,)) -+ 0 as n - co” is the weakest (since it is also a necessary) 
condition which insures the convergence of {TAn(x,)} to a fixed point of T 
in D. 
Remark 2.2. Corollary 2.1 has first been obtained by Krasnoselsky [24] 
for the case when T is compact and /\ = & and later by Schaefer [40] for T 
compact and h E (0, 1). In case T is demicompact on D, Corollary 2.1 was 
proved by Petryshyn [31], and by Browder and Petryshyn [8] for T satisfying 
condition (2.1). 
Remark 2.3. The condition (2.1) and (2.2) are not related. There are 
mappings (e.g. T = I) for which (2.1) holds but not (2.2) and there are map- 
pings (e.g. generalized contractions in the sense of Belluce and Kirk [3]) for 
which (2.2) holds but not necessarily (2.1). 
COROLLARY 2.2. Let X be a uniformly convex space, D a closed bounded 
convex subset of X, and T a nonexpansive mapping of D into D. Assume 
(2.3) There exists a number c > 0 such that for each x E D, 
W - T) x II 2 cd(x, W’)). 
Let x,, be an arbitrary element of D and define x, = T,“(x,), n > 1, .for any 
fixed h, 0 < X < 1. Then {x,},>,, converges strongly to a fixed point of T in D. 
Proof. Again, it suffices to verify the assumptions of Theorem 1.2. 
Conditions (l.l), (1.2), (1.3) and (1.4) are satisfied as in the previous Corol- 
lary. If { yn} C D and ll(1 - TJ yn // + 0 as n + cc, then (2.3) implies that 
lim, d( yn , F(T)) = 0, since I - T,, = (1 - h) (I - T) and F(T) = F(T,J 
which in turn, gives (1.5) for T,, and F(T,). Q.E.D. 
Apparently, unaware of the result of Browder and Petryshyn on the 
asymptotic regularity of TA , Outlaw [30] established directly that 
(I- T) X, + 0 as n- cc, and with this proved the preceding Corollary 
under the restriction that c < 1 and X = 4 , 
To obtain further special cases we need the following definition. 
DEFINITION 2.1 (Kuratowski [25]). Let X be a real Banach space and D 
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a bounded subset of X. The set-measure of noncompactness of D, y(D), is 
defined to be 
y(D) = inf{d > 0 1 D can be covered by a finite number of sets of diameter less 
than or equal to d}. 
It follows immediately that y(D) = r(D), y(XD) = 1 A 1 y(D), y(D) < r(Q) 
whenever D C Q and Q is a bounded subset of X, y(D) = 0 if and only if D 
is compact; furthermore, if co(D) denotes the convex closure of D and 
D + Q = (x + y 1 x E D,y EQ}, then it was shown by Darbo [IO] that 
Y(D) = r(=PN and YP + Q> d Y(D) + Y(Q). 
Closely associated with y is the concept of k-set-contraction defined in [25] 
to be a bounded continuous mapping of a subset G of X into X such that 
y(T(D)) < ky(D) for each bounded subset D of G and some constant k > 0. 
It follows from this definition that C: G--f X is compact if and only if C is 
0-set-contractive and that every Lipschitzian mapping S: G- X with 
Lipschitz constant E > 0 is K-set-contractive with k = 1. Clearly the mapping 
T = S + C: G-t X is also K-set-contractive with k = 2. In what follows 
we shall also need the concept of a condensing mapping introduced first by 
Sadovsky [39] for the ball-measure of noncompactness (see the definition 
below) and later by Furi and Vignoli [19] for the set-measure y. A bounded 
continuous mapping T of G into X is set-condensing (or densifying by [19]) if 
y(T(D)) < r(D) for each bounded subset D of G with y(D) > 0. It follows 
that every k-set-contractive mapping with k < 1 is set-condensing and that 
every set-condensing mapping is 1-set-contractive but the reverse implica- 
tions do not hold (see, for example, [26, 271). 
A ball-measure of noncompactness of D with respect to X, xx(D), has been 
introduced in [20] by defining 
xx(D) = inf{r > 0 / D can be covered by a finite number of balls with centers 
in X and radius r}. 
The measures y and xx are different although they have a good deal in com- 
mon (see [27, 191). In this paper we consider the ball-measure of noncom- 
pactness only with respect to X and therefore for notational simplicity we 
shall write x instead of xx . 
As in the case of y, corresponding to x we have k-ball-contractions and ball- 
condensing mappings. It is obvious that for x one also proves that T: G + X 
is compact if and only if T is O-ball contractive. However, if, for example, 
T: G + X is contractive (i.e. Lipschitzian of constant I < l), then it is 
unknown whether the map T is k-ball-contractive with k = 1. On the other 
hand, as has been shown in [37], there are I-ball-contractive maps T of X 
STRONG AND WEAK CONVERGENCE 473 
into X which need not be 1-set-contractive. The reason for introducing here 
tz-ball-contractions and ball-condensing mappings is that for fixed point 
theory (see [37]) and ( as we shall see) for iteration methods the same argu- 
ment works for mappings T: D + X defined either in terms of y or in 
terms of x. 
Recall that T: G C X-t X is said to be strictly nonexpansiwe if 
II TX- Trll <lx--_yll 
for x and y in G. 
The following corollary of Theorem 1.3 is due to Petryshyn [35], who 
generalized the results of [24, 40, 161 to strictly convex Banach spaces and to 
set-condensing mappings, 
COROLLARY 2.3. Let X be a Banach space, and D a closed bounded convex 
subset of X. Let T be either a set-condensing or a ball-condensing nonexpansive 
mapping of D into D. Suppose further that either X is strictly convex or T is 
strictly nonexpansive. For any A, 0 < A < 1, let T, = AI f (1 - A) T. Then 
for every x,, E D, the sequence { Tn”(x 0 )} nao converges strongly to a fixed point of 
Tin D. 
Proof. We prove Corollary 2.3 for the case when T is set-condensing since 
the ball-condensing case is handled similarly. It suffices to show that T, 
satisfies the conditions of Theorem 1.3. By a result of [19, 27, 391, since T 
is set-condensing, F(T) # $3; hence F(T,,) # Q. Since T is nonexpansive, 
(1.2) is satisfied. If T is strictly nonexpansive, then (1.6) is satisfied. If it is 
the case that X is strictly convex, then for x E D - F(T) and p E F( T) 
II X(x -P) + (1 - 4 (Tx - P)II = II Thx -P II < /I x -P II . 
The strict inequality must hold since X is strictly convex; hence (1.6) holds 
also in this case. Since T is a set-condensing mapping, TA is also set-condensing. 
Then, it remains to show that given some x0 ED, {TAn(x,,)} contains 
a convergent subsequence, i.e., that (1.7) holds. Consider the set 
C = {T,“(x,) 1 12 > O}. If y(C) > 0, let T,(C) = {T,“(x,) / n 3 I}. Since T,, 
is condensing, y(T,(C)) < y(C). But C = T,(C) u {x0}, which implies that 
Y(C) d maxMTAC)), Y(&JN = Y(TA(C)) < Y(C), 
a contradiction. Therefore y(C) = 0 and C is precompact. Q.E.D. 
Remark 2.2. Corollary 2.3 contains, as a special case, a result due to 
Edelstein [16] obtained by him for the case when T is a compact nonexpansive 
map of D into D and X is strictly convex. 
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Remark 2.3. In case S: D + X is strictly contractive (I < 1) and 
C: D -+ X is compact, and T = S + C: D--f D, then Corollary 2.3 is 
applicable to the mapping T = S + C since it is k-set-contractive with 
k = I< 1 and, thus, set-condensing. 
COROLLARY 2.4. Let X be a Banach space and suppose T is a nonexpansive 
set-condensing or ball-condensing mapping of a closed ball B = B(0, r) C X into 
X satisfying :
(III<) If TX = 01x and x E aB, then a < 1. 
Suppose further that either X is strictly convex or that T is strictly nonexpansive. 
Then F(T) is convex and compact, and there exists a convex open set Q C B 
which properly contains F(T) such that for every x0 E Q and fm any fixed A, 
0 < h < 1, the sequence of iterates of T,, at x0 is well-dejined and converge 
strongly to a fixed point of Tin B. 
Proof. Since T is set-condensing or ball-condensing and since it satisfies 
the boundary condition (17,<) on aB, Theorem 1 of Petryshyn [35] implies 
that F(T) is nonempty and compact. Moreover (D,<) forces F( T) to be con- 
tained in the interior of B. In fact, there exists d, > 0 such that if x E X and 
d(x, F( T)) < d,, , then x E B. For, if not, then for every n 3 1 there would 
exist x, $ B such that d(xn , F(T)) < l/n. Since F(T) is compact, there 
exists a subsequence {x~,}~>~ of {xn} and x* E X such that x,, + x* asj + co, 
with x* EF(T) because F(T) is closed. Since x,, $ B, x* E cl(X - B), i.e., 
x* $ interior B, which contradicts the fact that F(T) C interior B. So then 
there exists d, > 0 such that d(x, F(T)) < d, implies x E B. Let 
Q = {x E X I 4x, F(T)) < d,,), 
and note that Q is open and F( T) C Q C B. Since T is nonexpansive, for every 
y E Q the inequality 
d(T’, W”)) < d(y, F(T)) < 4, 
implies that Ty EQ, i.e., T(Q) !ZQ. Now, to show T,(Q) CQ for X fixed 
X E (0, l), it suffices to show that Q is a convex set for then I(Q) CQ and 
T(Q) C Q imply TdQ) C Q- T o verify that Q is a convex set, it suffices to 
show that F(T) is a convex set, since a d,,-neighborhood of a convex set is 
convex. In the case that T is strictly nonexpansive, F(T) consists of a single 
point, hence is convex. In the case that X is strictly convex, then by an argu- 
ment of Schaefer [40], F(T) is convex since T is nonexpansive. Therefore 
TA(Q) C Q, and by the continuity of T, T,(g) C Q. So then, since (1.6) holds, 
to prove Corollary 2.4, it now suffices to show that (1.7) holds for x0 EQ, for 
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then the conditions of Theorem 1.3 will be verified. Let x,, E Q, and consider 
{ TA”&4?2?, - The sequence is contained in Q and, since Th is condensing, 
{ T,“(x,,)} contains a convergent subsequence by the same argument as in the 
proof of Corollary 2.3. Q.E.D. 
We add in passing that the boundary condition (17,<) is equivalent to the 
Leray-Schauder condition, i.e., 
TX # rlx forxEaB and 721. 
It is satisfied in any of the following cases: 
(a) T(B) C interior (B) 
(b) T(aB) C interior (B) 
(c) /I x lj2 + 11 TX - x /Is > (1 TX /I2 for x E 3B (see Altman [I]) 
(d) (TX, Jx) < (x, Jx) for x E 8B, where J: X --+ 2x* is a duality 
mapping, i.e., j(O) = (0) and 
J(x) = {w E X* I (w, x) = II w II II x II and II x II = II w II , x E X, x + 01. 
For X = Hilbert space and J = I, this reduces to (TX, x) < II x II2 for x E 3B. 
Before we state our next consequence of Theorem 1.1 we need the following 
slight generalization of Theorem 5 of Browder and Petryshyn [8]. Our proof 
of Lemma 2.1 follows the arguments of [8]. 
LEMMA 2.1. Let X be a un$orm& convex Banach space, D a subset of X, 
and T a mapping of D into X szlch that F( T) # $!i and T is quasi-nonexpansive. 
If there exists an x0 in D and a h in (0, 1) such that TAn(x,,) is defined and lies in D 
for each n > 1 where T, = XI + (1 - h) T, then TAn(x,) - T:+‘(x,,) -+ 0 as 
n + CO, i.e., T,, is asymptotically regular at x0 . 
Proof. Let p be any element in F( T) and let x,, be an element in D and h a 
number in (0, 1) such that x, = TAn(x,,) E D for n > 1. Note that T,, is also 
quasi-nonexpansive since F(TJ = F(T) # @ and for all x in D 
II T,(x) -P II = II Xx - AP + (1 - 4 (TX - PII 
< h II x - P II + (1 - 4 II x -P II 
=llx-Pll 
by the quasi-nonexpansiveness of T. Hence 
I I %I+1 -P II = II T&n) - P II G II xn -P II for each n > 1 
and therefore 11 x, - p /I + d, for some d,, 3 0. If d,, = 0, then x, +p as 
n -+ cc and so in this case x, - x,+r = T,“(x,,) - TT+‘(x,,) + 0 as n+ co, 
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i.e., T, is asymptotically regular at x0 . Suppose now that d,, > 0. Since 
II *?I -P II - 4, II T,d*,J -P II < II *, -P II for each n, and 
II T&J - P II = II *,+I - P II- do 
as n --f co, it follows from the uniform convexity of X that 
Il(*n - P) - CT,*, - PIII + 0 
as n+ co, i.e., 
II *?z - Td*n)ll = II TA”(*,) - Tll”(*o)ll -+ 0 
asn-+oo. 
In the sequel we shall also need the following generalization of the result 
of Schaefer [40]. 
LEMMA 2.2. Let X be a strictly convex Banach space and D a closed convex 
subset of X. If T is a continuous mapping of D into X such that F(T) # (71 and 
(1.2) II T(x)-ppll <ljx-plI for *ED-F andpEF, 
then F(T) is a convex set. 
Proof. Let x and y be any two distinct points of F(T) and, for t E (0, l), 
let xt = tx + (1 - t) y. Now, since D is convex, st E D for each t in (0, 1). 
Suppose, contrary to our assertion, that st $ F(T) for some t E (0, I), i.e., 
xt E D - F. Hence it follows from (1.2) that 
II * - Y II G II * - T(zt)ll + II %4 - Y II G II x - it II + II it - Y II 
= II x - Y II * 
Since X is strictly convex, it follows that 
* - T(4 = G”C4 - Y), a > 0. 
But this implies that 
T(4 = i-&x +&y, 
i.e., T(z,) lies on the line segment determined by x and y. On the other hand, 
II T(4 - * II < II Zt - *II and II T(zt) - Y II < II zt - Y II . Thus TCd must 
coincide with zt and Lemma 2.2 is proved. 
Our next result is the following new theorem for I-set-contractive and 
1-ball-contractive mappings. 
THEOREM 2.1. Let X be a uniformly convex Banach space, D a bounded 
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open subset of X, and let T be either a I-set-contractive OY a 1-ball-contractive 
mapping of D into X such that 
(2.4) There exists a y in D such that 
TX-y#f(x-y) forallxinaDandh> 1. 
(2.5) T is conditionally quasi-nonexpansive. 
(2.6) There exists an x,, in D and a h in (0, 1) such that x, = TAS(xO) is 
defined and lies in D for each n > 1. 
(2.7) T is either demicompact at 0 OY I - T maps closed sets in n into 
closed sets in X. 
Then the sequence {xn} converges strongly to a jixed point of T in D. 
Proof. To prove Theorem 2.1, it suffices to show that the mapping TA 
satisfies conditions (1. I)-( 1.5) of Theorem 1.2. 
Now, since T: B -+ X is either a 1-set-contractive or 1-ball-contractive 
and since T satisfies the conditions (2.4) and (2.7), the fixed point theorem of 
Petryshyn [37] implies that F(T) # (21; hence F(T,,) = F(T) # $?I and so 
condition (1.1) of Theorem 1.2 holds. Since T (and hence TA) is conditionally 
quasi-nonexpansive, it follows that (1.2) also holds. Condition (1.3) is true 
by assumption, while (1.4) follows from Lemma 2.1. The proof that (1.5) 
also holds follows from either one of the assumptions (2.7) just as in the proof 
of Corollary 2.1. Q.E.D. 
Remark 2.4. If D in Corollaries 2.1 and 2.3 is the closure of an open 
bounded convex subset in X, then it is easy to see that Corollaries 2.1 and 
2.3 are special cases of Theorem 2.1. 
3. FURTHER APPLICATIONS 
In the first part of this section we apply Theorem 1.3 to the study of the 
convergence of iterates {T”(x)} and { Tn”(x)} under the assumptions that T or 
T,, is strictly quasi-nonexpansive and that T satisfies the so-called Frum- 
Ketkov [IS] condition (see condition 3.1 below). In the second part of this 
section we use Theorems 1.1 and 1.2 to obtain a slight generalization of 
Theorem 6.1 of Petryshyn and Tucker [38] concerning the convergence of 
iterates (TAn(zc,,)} with T a nonexpansive generalized projectionally-compact 
(P-compact) mapping. The latter class of mappings has been introduced by 
Petryshyn [34, 321 for the constructive approach (via finite dimensional 
approximations) in the study of fixed point and solvability problems for 
various classes of nonlinear mappings. 
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3.1. Our first result in this section is the following new result. 
THEOREM 3.1. Let D be a closed convex subset of a real Banach space X 
and let T be a conditionally quasi-nonexpansive mapping of D into itself, Suppose 
further that T satisfies the following conditions: 
(3.1) There exists a compact set KC X and a constant k < 1 such that 
d( T(x), K) < kd(x, K) for each x in D. 
(3.2) T is conditionally strictly quasi-nonexpansive. 
Then the sequence { T”(x,)} converges to a Jixed point of T for each x,, in D. 
Proof. To prove Theorem 3.1, it suffices to show that T satisfies the 
conditions of Theorem 1.3. In view of (3.1), the fixed point theorem of 
Frum-Ketkov [18] with a correct proof by Nussbaum [28] shows that 
F(T) # 0, i.e., (1. I) of Theorem 1.3 holds and so does (1.2) since T is con- 
ditionally quasi-nonexpansive. In view of (3.2), condition (1.6) of Theorem 1.3 
is also verified. Now, since for any x0 in D the relation d(T”(x,,), K) < 
k”d(xo , K) implies that lim, d( Tn(x,), K) = 0, the compactness of K forces 
{Tfl(x,)} to contain a convergent subsequence, i.e., (1.7) also holds. Hence 
Theorem 3.1 follows from Theorem 1.3. Q.E.D. 
Note that condition (3.2) is implied by the assumption that T is strictly 
nonexpansive. 
If X is assumed to be a Banach 17,-space, then the following result also 
holds. Recall first that X is said to be a lir,-space for some 01 > 1 if there 
exists a monotonically increasing sequence {X,} of finite dimensional sub- 
spaces of X and a sequence of bounded linear projections {P,) such that 
P,(X) = X,; 11 P, Ij < 01 for each n, and P,(x) -+ x for each x E X. 
THEOREM 3.2. Let X be a Banach III-space and let T be a conditionally 
strictly quasi-nonexpansive mapping of B(0, r) into X such that T(BB) C Int(B). 
Suppose there exists a compact set K in X and a number k < 1 such that (3.1) 
holds for each x in B. 
Then there exists a convex open set Q C B such that for each x0 in s the 
sequence { Tn(x,)} converges to afixedpoint of T in B. 
Proof. Again, it suffices to verify the assumptions of Theorem 1.3. The 
theorem of Frum-Ketkov with proof by Nussbaum [27] shows that F( T) # 0, 
i.e., (1.1) of Theorem 1.3 holds and hence (1.2) and (1.6) also hold since T 
is conditionally strictly quasi-nonexpansive. Note that F(T) is compact and 
lies in Int(B) and hence, as in the proof of Corollary 2.4, there exists a number 
d, > 0 such that if x E X and d(x, F( T)) < d, , then x E B. Let 
Q = lx E X I 4x, VT) < 4, 
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and note that Q is open and F(T) c Q C B. Since T is strictly quasi-non- 
expansive, for each y in B, andp in F( T), the inequality 11 Ty - p (1 < 11 y - p 11 
implies that 
~TY,W)) < ~Y,V’Y < 4 > 
i.e., Ty EQ. Hence T(Q) CQ and so T(Q) C$ by continuity of T. Conse- 
quently, for each x,, in p the sequence {T”(x,)) _C g C B and, by (3.1), 
d(T”(x,), K) - 0 as n ---f cx). This and the compactness of K implies that 
(T”(x,)} has a convergent subsequence, i.e., (1.7) of Theorem 1.3 holds. 
Thus, Theorem 3.2 follows from Theorem 1.3. Q.E.D. 
If in Theorem 3.1 we assume that I( is also convex, then the assertion 
remains valid for T,, without the additional assumption (3.2). To establish 
this claim we need the following lemma. 
LEMMA 3.1. Let D be a closed convex subset of X and T a mapping of D 
into D such that 
d(T(x), K) < kd(x, K) for all x in D, 
for some convex compact set K in X and constant k < 1. 
If h is any number in (0, 1) and T,+ = XI + (I - A) T, then 
d(T,(x), K) ,< k,d(x, K) for each x E D, 
wherek,=X+(l-A)k<l. 
Proof. Clearly 0 < k, < 1. Let h be fixed, 0 < X < 1, and x E D, fixed. 
Now it suffices to show 
W,(x), K) d &4x, W. 
Given 6 > 0, there exist ys E K and z6 E K such that 
II x - ys II d 4x, K) + $ 
II TX - .+i II d Kh K) + 2c1 ” xj . 
Let wA = Ay, + (I - A) zs , and note that w, f K since K is convex. So then, 
W”,x, K) G II TAX - WA II= II Yx - YS) + (1 - 4 (TX - dll 
< h II x - YS II + (1 - 4 /I TX - xs II 
< X [4x, W + $1 + (1 - 4 [d(Tx, K) + 2c1 : h)] 
< [A + (1 - A) k] d(x, K) + 6 
< W(x, K) + 6. 
Since S > 0 was chosen arbitrarily, the lemma is proven. Q.E.D. 
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THEOREM 3.3. Let D be a closed convex set in X and let T be a conditionally 
quasi-nonexpansive mapping of D into D. Suppose further that T satisfies the 
following conditions : 
(3.3) There exists a convex compact set K in X and a number k < 1 such 
that d(Tx, K) < kd(x, K) for each x in D. 
(3.4) X is strictly convex. 
Then the sequence (T,,n(x,)} converges to a Jixed point of T in D for any x0 
in D and h in (0, 1). 
Proof. To prove Theorem 3.3, it suffices to show that T,, satisfies the 
conditions of Theorem 3.1. Now, T,, maps D into itself since D is convex and, 
since K is also convex, it follows from Lemma 3.1 that for each x in D 
V,(x), K) < W(x, K), k, = X + (1 - A) k < 1. 
Furthermore, it is not hard to see that TA is also conditionally strictly quasi- 
nonexpansive since X is strictly convex. Consequently, T, satisfies all condi- 
tions of Theorem 3.1 and, therefore, the conclusion of Theorem 3.3 holds. 
Q.E.D. 
It may be of interest to note that under the assumption that K is also 
convex in (3.1) the fact that F( T) # 8 is deducible from the following simple 
theorem without recourse to the work of [28]. 
THEOREM 3.4. Let D be a closed convex subset of X and T a continuous 
mapping of D into D such that 
(3.5) There exists a compact convex set KC X such that 
d( T(x), K) < d(x, K) for x in D. 
(3.6) If x E D - K, then d(T(x), K) < d(x, K). 
(3.7) There exists an x,, in D such that (T”(x,)} contains a convergtmi 
subsequence, say, { T”j(x,,)}. 
Then T has a fixed point in D, i.e., F(T) # 0. 
Proof. Let {T”j(x,,)} be a convergent subsequence of {Tn(x,-,)},>l and let 
x* ED be its limit. The condition (3.5) implies that lim,,, d(T”(x,), K) 
exists and equals some d, >, 0. In fact, d, = 0. For if it were true that 
d,, > 0, then x* $ K and (3.6) would imply that d(Tx*, K) < d(x*, K). 
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On the other hand. 
d( TX*, K) = d( T($z T”j(x,)), K) 
= ;jrI d( T”j+yx,), K) 
= ii d( T”(x,), K) 
= d(hiI Tyr,), K) 
= d(x”, K), 
which gives a contradiction. Hence do = 0 and x* E K n D. Since K and D 
are convex and K is compact, K n D is also compact and convex, and 
T(K n D) 2 K n D, by condition (3.5). Hence by Tikhonoff’s fixed point 
theorem, F,,,(T) # 0 i.e. F(T) # 8. Q.E.D. 
Remark 3.1. If D is a closed bounded convex subset of X and T is 
a compact nonexpansive mapping of D into itself and if we set K = G(T(D)), 
then, by Mazur’s theorem, K is a convex compact set in X and 
W(x), K) < kd(x, K) f or all x in D and any k in (0, 1). Thus, the con- 
vergence theorems of Krasnoselsky [24], Schaefer [40], and Edelstein [16] 
can also be deduced from Theorem 3.3. 
The following example of a nonexpansive mapping shows that Theorem 
3.3 is a proper generalization of the results mentioned above. 
EXAMPLE 3.1. Let X = Z,, 1 <p < co, that is, infinite sequences of 
real numbers R = (x1 , xa ,... ) whose norm 11 4 11 = (&1 1 xi Ip)llp is finite. 
The space Z, is uniformly convex. Let & be the unit vectors in Z, of the form 
gi = {Sii)i>l, where Sii is the Kronecker delta. The collection (& ) i >, l} 
forms a Schauder basis for 1, , that is, each 2 E 1, has a unique representation 
in terms of this collection, i.e., 9 = & x& , Let B be the unit ball in Z, 
with center 6 and let { fi)ar be a collection of nonexpansive self-mappings 
of the interval [- 1, l] withf,(O) = 0, i 3 1. Define T for 2 = (xi , xs ,...) E B 
by 
T(4) = f&l) 4 + B c f&i> 4 . 
i>l 
To show that T(R) E B for any 2 E B, it suffices to show that T is nonexpansive 
and to note that T(o) = 0 E Z, . If 
then 
9 = (x1 , x2 ,...) E B and 9 = (~1 ,y2 v..) E B, 
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so, 
II Ti - T.9 II; d 2-” 2 Ifi(xi) -fi(~i)l” + IfiW -fd~dl” 
i>l 
a-q Ixi-YY,lp+Ixl-Yllp 
i>l 
< c I xi - Yi I9 = II k - 9 11; *
i>l 
Therefore T is well-defined, nonexpansive, and T(B) C B. Let 
Then K is convex and compact, and for any 4 E B, 
d(T9, K) < 4 d(& K). 
To see this, note that 2; E K implies 
II 9 - L II = (g I xi IP + I Xl - 4 Iy. 
Hence 
Similarly 
d(i, K) = fin jl2 - /i 1) = (?I I xi ID)? 
which gives 
4% K) = a (zl IfiW’)“~~ 
d(T$ K) = 4 & /M(~i)l~)~‘~ < t (zl I xi If = S 46 K). 
Therefore T is, in general, a nonlinear noncompact nonexpansive mapping 
of B into B in a uniformly convex Banach space satisfying (3.3). Hence, by 
Theorem 3.3, for any x0 in B and X E (0, l), {TAn(x,,)} converges to a fixed 
point of T in B. 
3.2. In this section we outline briefly the applicability of Theorems 1.1 
and 1.2 to the study of iterates involving a class of continuous Pr-compact 
maps which forms a subclass of a class of generalized P-compact (i.e., 
P,-compact) mappings. 
DEFINITION 3.1 (Petryshyn [34]). Let X be a Banach &-space. 
T: D C X + X is said to be PI-compact at f if for any p > 1 and any bounded 
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sequence (x,~ 1 x,, E Xnl n D} such that P,,T(xnj) - px,* --t f as j + co, 
there exists an x in D and a subsequence {xnlCR)} such that xajCk) + x and 
pfi+k~T(x%J - PX”IbJ + T(x) - p(x) (= f for continuous T) as k + co. 
T IS Pi-compact if T is Pi-compact at each such f. 
Remark 3.2. Note that the class of Pi-compact mappings includes the 
class of P-compact mappings (see [34, 381) as its proper subclass. We remark 
that upon the examination of the proofs of the fixed point theorems in [32, 
33, 381 it is clear that the only property of T which has been used there is 
contained in the requirement that T be Pi-compact at f = 0. This remark is 
of practical usefulness since there are mappings T which are Pi-compact at 0 
but for which it is unknown whether they are Pi-compact. Thus, for example, 
it has been shown by Fitzpatrick [17] ( see also [43] where a similar result has 
been obtained earlier for the case when T is defined on all of X) that if T is a 
generalized contraction in the sense of Belluce and Kirk [2] of B(0, r) into 
itself, then T is Pi-compact at 0 but it is unknown whether a generalized 
contraction (or even a strict contraction) defined only on B(0, r) is Pi-com- 
pact. We recall (see [2]) that T: D --+ X is a generalized contraction if to each x 
in D there exists an a(x) with 0 < a(x) < 1 such that 
II T(x) - T(y)ll G 44 II x - Y II for each y in D. 
Our first result in this section is the following generalization of Theorem 
6.1 (c) of Petryshyn-Tucker [38]. 
THEOREM 3.5. Let X be a strictly convex Banach IQ-space, D a closed 
bounded convex subset of X with an interior Int(D) # 0, and T a continuous 
conditionally quasi-nonexpansive mapping of D into D which is PI-compact at 0 
and which has no fixed points on aD. If T is also asymptotically regular on D, 
then for each x0 in D the sequence { Tn(x,)} converges to a fixed point of T. 
Proof. By the fixed point theorem of Petryshyn-Tucker [38], F(T) # 0. 
Since X is strictly convex and T is conditionally quasi-nonexpansive, it 
follows from Lemma 2.2 that F( T) . is a closed convex set which lies in Int(D) 
because T has no fixed points on aD; moreover, for {xn} given by {T”(x,)} we 
see that the sequence {d(x,, F( T))} is a monotonically decreasing sequencewith 
zero as its lower bound. We claim that d(xn , F( T)) + 0 as n -+ co. Suppose, 
to the contrary, that d(x, , F(T)) -+ 06 > 0 as n -+ co. By the monotonicity 
of Wn , F(T))} it follows that d(xn , F) > 01~ for each n. Hence, by Lemma 
6.2 in [38] (which is also valid for the case when T is only assumed to be 
P,-compact at 0), there exists a real number E,, = E(%) > 0 such that 
II XVI - T(x,)II 3 co for each n, in contradiction to the assumed asymptotic 
regularity of T. Thus, lim, d(xn , F) = 0 an so the conclusion of Theorem d 
3.5 follows from Theorem 1.1. Q.E.D. 
409/43/z-13 
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A consequence of Theorem 3.5 is the following corollary which includes 
Theorem 6.2(c) in [38] for the case when T is nonexpansive and T is Pi-com- 
pact on D. 
COROLLARY 3.1. Let X be a uniformly convex Banach IIa-space, D a closed 
bounded convex set in X with Int(D) # @, and T a continuous conditionally 
quasi-nonexpansive mapping of D into itself which is PI-compact at 0 and which 
has no jixed points on aD. Then for each x0 in D and h in (0, 1) the sequence 
{ T,“(x,,)} converges to a fixed point of T. 
Proof. To prove Corollary 3.1, it suffices to show that Th satisfies the 
conditions of Theorem 3.5 for each fixed h in (0, l), since TA maps D into D 
and T, is conditionally quasi-nonexpansive with no fixed points on i?D. 
Furthermore, T,, is Pi-compact at 0. Indeed, let {x,~ 1 xni E X,#D) be any 
bounded sequence and let p be any real number with p > 1 such that 
P,,T,(x,~) - px,, + 0 as j--f co. Then, since Pnj are linear, 
P,jTn(x,j) - pxnj = (1 - h) P&x,J + (h - p) x,,,~ - 0 as j+ co. 
Hence, 
PnjT(x,J - (‘2) xni - 0 as j + 00 
with 
for each X E (0, 1) 
and any p > 1. Since T is Pi-compact at 0, there exist x in D and {xnjck,> 
such that x,.(~, + x and 3 
PnjCh.T(~,ick,) - (&) xnjtrj -+ T(x) - (2) x = 0, as h - ~0, 
i.e., T,(x) -p(x) = 0 and so TA is Pi-compact at 0. Since X is uniformly 
convex and T is conditionally quasi-nonexpansive, to show that T,, is also 
asymptotically regular on D it suffices, by Lemma 2.1, to show thatF( TJ # 0. 
But the latter fact follows from the fixed point theorem in [38]. Q.E.D. 
We complete this section by showing that Theorem 6.1(b) in [38] can also 
be deduced as a special case of the following corollary to Theorem 1.2. 
COROLLARY 3.2. Let X be uniformly convex Banach III-space and T a 
Lipschitzian conditionally quasi-nonexpansive mapping of B(0, r) into X such 
that 
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(3.8) T(x) # yx for all x in aB and y > 1. 
(3.9) There exists an x,, in B and h E (0, 1) such that Thn(xO) E B fey 
each n 3 1. 
(3.10) T is PI-compact at 0. 
Then the sequence (xn} = { TAn(x,)} converges to a fixed point of T. 
Proof. To prove Corollary 3.2, it suffices to show that TA satisfies condi- 
tions (1.1) to (1.5) of Theorem 1.2. 
Now, since T: B + X is PI-compact at 0, the fixed point Theorem in [32] 
and Remark 3.2 imply that F(T) = F(T,) # @, i.e., (1.1) of Theorem 1.2 
holds. This and the conditional quasi-nonexpansiveness of T implies the 
validity of (1.2). Condition (1.3) for T,, is valid by assumption while (1.4) 
follows from Lemma 2.1. Now, to show that (1.5) of Theorem 1.2 also holds, 
it suffices to show that T,, is demicompact at 0. This will follow from Lemma 
3.2 whose proof follows the arguments of [34]. 
LEMMA 3.2. Let X be a Banach l7,-space and let T be a Lipschitxian 
mapping of B(0, r) into X which is PI-compact at 0. Then T is demicompact a 0. 
Proof. Let {uk} be a sequence in B(0, r) such that uk - T(u,) + 0 as 
lz -+ co. Since X is a III-space, for each integer k 2 1 and Ed = l/K, there 
exists an integer n(k) > k such that I/ uk - Pntkjuk // < clc with 
for each k since jj Pncle) jl = 1 for all K. Since T is Lipschitzian, say with 
constant L > 0, and uk - T(u,) + 0 as k + cc, it follows that 
II Pn(k)T(w,d - w,(k) II 
< II Pn(lc)T(w,(~c)) - Pnoc)Wk)ll + II Pnoc)Wr) - WA) II 
<L II W,W - % // + 11 T&J - uk II- 0 as k-+co. 
Thus, because T is PI-compact at 0, there exists a subsequence {wntj,} of 
{wnck)} and an u in B(0, r) such that wno) ---f u and 
PntjjT(wncj)) - w,tj) - T(u) - u = 0 as j-00, 
and moreover, 
/I uj - u II d II uj - W,(j) II + II WnM - 24 II- 0 as j-t a, 
i.e., T is demi-compact at 0. Q.E.D. 
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4. WEAK CONVERGENCE OF ITERATES OF QUASI-NONEXPANSIVE MAPPINGS 
It has been observed in Section 2 (see Remark 2.1) that even when T is a 
nonexpansive mapping of a unit ball B(0, 1) in a Hilbert space X into B(0, 1), 
the sequence (xn} of iterates obtained by the simple method 
x n = Xx,-l + (1 - 4 W-G.-~, n = 1, 2,..., xo E D, h E (0, 11, (4.0a) 
need not converge (strongly) to a fixed point of T. However, Theorem 1 .I 
shows that {xn} converges to a fixed point of T if and only if the following 
additional condition (4.0b) holds: 
d(xn , F(T)) --f 0 as n+ co. (4.0b) 
In Sections 1 to 3 we studied the iterants for various classes of nonexpansive 
and quasi-nonexpansive mappings for which the condition (4.0b) is shown 
to hold. 
Generalizing certain results of Browder and Petryshyn [8] and of Schaefer 
[40], Opial [29] has shown that for certain uniformly convex Banach spaces 
(including Hilbert spaces and Z, spaces for 1 < p < co) the sequence {xn} 
determined by (4.0a) converges weakly to a fixed point of T even for more 
general convex closed domains D. The results in [40, 8, 291 were obtained 
for nonexpansive mappings T of D into D for which I - T is demiclosed 
(see definition below). 
The purpose of this section is to unify and extend further the results of 
[40, 8, 291 as well as those of [15, 31 to various classes of quasi-nonexpansive 
mappings T: D --f X for which I - T satisfies a condition (see condition 4.3 
in Theorem 4.1 below) which is weaker than the demiclosedness condition 
and for Banach spaces which are slightly more general than those used in 
[S, 29, 151. 
THEOREM 4.1. Let X be a Banach space, D a closed convex subset of X, 
and T a mapping of D into X such that 
(4.1) There exists an x0 in D such that x, = Tn(xo) E D for n 3 1 and 
{xn} is weakly sequentially compact. 
(4.2) T is asymptotically regular at x0. 
(4.3) If {xn,} is any subsequence of {x,} such that x,, - GE  D and 
(I- T)(x,j)-+Oasj-+co, then%-- T(f)=O. 
Then T has a$xed point in D which is obtainable as a (weak) limit of a weakly 
convergent subsequence of {x,>; moreover, every weakly convergent subsequence of 
{x,} has a jixed point of T for its limit. If additionally we assume that T has at 
most one$xedpoint, then {xn} is weakly convergent and its weak limit is the unique 
fixed point of T. 
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Proof. Since {xn} C D is sequentially weakly compact and D is a closed 
convex set and thus weakly closed, there exists a subsequence {x~,} and an f 
in D such that xn,-X as j+ co. 
at x,, imply that XL, 
This and the asymptotic regularity of T 
- T(x,,) -+ 0 as j -+ co. From this and condition (4.3) 
it follows that x -‘T(x) = 0, i.e., F(T) # fl. 
Now, if (xn,> is any weakly convergent subsequence of {xn} with 3i: as its 
weak limit, then 3 E D and, as before, conditions (4.2) and (4.3) imply that 
2 EF(T). 
If T has at most one fixed point, then by the preceding result, T has a 
unique fixed point, say 2, in D. But then x, - f as n + co since, by what has 
been proved above, every weakly convergent subsequence of {xn} has to 
have 3i; as its (weak) limit. Q.E.D. 
An immediate consequence of Theorem 4.1 is the following corollary. 
COROLLARY 4.1. Let X be a Banach space, D a convex and weakly compact 
subset of X, and T a mapping of D into D such that conditions (4.2) and (4.3) 
of Theorem 4.1 hold for some x0 in D. Then T has a Jixed point in D, and more- 
over, every weakly convergent subsequence of { TR(x,,)} has afixedpoint of T as its 
limit. 
A special case of Corollary 4.1 is the following theorem due to Belluce and 
Kirk [3] who proved it under the additional condition that T is nonexpansive. 
COROLLARY 4.2. Let X be a Banach space and D a convex and weakly 
compact subset of X. Let T be a continuous mapping of D into itself such that T 
is asymptotically regular on D and V = I - T is convex on D, i.e., 
llv(+l G H V(x)11 + II V(~)lll for all x, Y E D. (4.4) 
Then the conclusions of Corollary 4.1 hold. 
Proof. The validity of Corollary 4.2 follows from Corollary 4.1 and the 
following lemma. 
LEMMA 4.1. Let D be a closed convex subset of a Banach space X and let T 
be a continuous mapping of D into X such that V = I - T is convex on D. 
If x0 is an element in D such that T”(x,,) E D for each n 3 1, then T satisfies 
the condition (4.3). 
Proof. Consider the functional F(x) = I/ x - Tx I/ for x in D. It follows 
from (4.4) that 
< w +F(Y) 
- \ 2 
for all x and y in D, 
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i.e., F is weakly convex on D. Since F is also continuous, it is not hard to show 
that F is also strongly convex on D, i.e., 
F(tx + (1 - t) Y) < tF(x) + (1 - t) F(Y) for all x, y E D and t E (0, 1). 
Consequently, F is weakly lower semicontinuous on D. Suppose now that 
{x,~} is a subsequence of {x~} = { T”(x,)) such that xnj - 3i: for some 5 in D 
and (I - T) (3,) ---f 0 as j + 00. In view of this and the weak lower semi- 
continuity of F, ‘we see that 
0 <F(f) < lim~infF(~,J = liJm // xni - T(x,)lj = 0 
from which (4.3) follows. 
Remark 4.0. It follows from the proof of Lemma 4.1 that the conclusion 
of Corollary 4.2 remains valid when the assumption that I - T is convex on D 
is replaced by the weaker assumption, namely, that T is such that the func- 
tional F(x) = I/ x - T(x)11 is weakly lower semicontinuous on D. 
If we are only interested in the problem of finding out when a given 
sequence of iterates {x~} = (T”(x,)} C D is weakly convergent or at least is 
such that every weakly convergent subsequence of {Tn(xo)} has a fixed point 
of T as its limit, instead of the assumption that (xn} is weakly compact we may 
assume that F( T) # @. Our first result in this area is the following generaliza- 
tion of the results of Browder and Petryshyn [8]. 
THEOREM 4.2. Let X be a reflexive Banach space, D a closed convex subset 
of X, and T a continuous mapping of D into X such that 
(4.5) F(T) # !J. 
(4.6) T is quasi-nonexpansive. 
(4.7) There exists x,, in D such that x, = Tn(x,) E D for n > 1. 
If T also satisfies conditions (4.2) and (4.3) of Theorem 4.1, then {xn} contains 
a weakly convergent subsequence with its limit in F(T), and moreover, every 
weakly convergent subsequence of {xn} h as a point in F(T) for its limit. If we 
also assume that F(T) contains a single point, say p, then x, -p as n 4 co. 
Proof. Since T is quasi-nonexpansive on D and F(T) # @, it follows that 
for any fixed p in F( T) and any n we have the relation 
II x72 - P II = II Wn-d - P II G II x,-l - P II . 
This implies that {xn} is a bounded sequence which, by (4.7), lies in D and is 
weakly sequentially compact because X is reflexive. Since, by assumption, T 
satisfies also conditions (4.2) and (4.3), the conclusions of Theorem 4.2 follow 
from Theorem 4.1. Q.E.D. 
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Recall that a mapping V: D --+ X is said to be demiclosed if {xn} is any 
sequence in D such that x, - x in D and V(xJ + f in X, then V(X) = f. Note 
that, for D closed and convex, every weakly continuous self-mapping of D 
is weakly closed, and every weakly closed self-mapping is demiclosed. 
Remark 4.1. Since the assumption that I - T is demiclosed on D 
obviously implies the validity of condition (4.3) and since every nonexpansive 
mappings is quasi-nonexpansive, Theorem 4.2 contains Theorem 3 of 
Browder and Petryshyn [8] for the case when X is reflexive. Theorem 4.2 
is also related to Theorem 6 in [lSj. We add that Lemma 4.1 shows that there 
are mappings (e.g. convex maps) for which (4.3) holds but for which I - T 
need not be demiclosed. 
If we assume that X is uniformly convex and if instead of the iterants 
(T”x) we consider the iterants { TA”(x)} f or any h in (0, l), then we may omit the 
the asymptotic regularity assumption. 
THEOREM 4.3. Let X be a uniformly convex Banach space, D a closed convex 
subset of X, and T a continuous mapping of D into X such that (4.5) and (4.6) 
of Theorem 4.2 hold. Suppose there exists an x0 in D such that T,,“(x,) E D for 
each n 3 1. If TA satisjes condition (4.3) of Theorem 4.1, then the conclusions 
of Theorem 4.2 hold. 
Proof. It suffices to show that TA satisfies the conditions of Theorem 4.2 
for each fixed h E (0, 1). Now, it was shown in Section 2, that (4.5) and (4.6) 
imply the validity of the same for TA . Furthermore, under present conditions 
on X and T, Lemma 2.1 shows that T,, is asymptotically regular at x,, , 
i.e., (4.2) also holds. Hence the conclusions of Theorem 4.3 follow from 
Theorem 4.2. Q.E.D. 
COROLLARY 4.3. Let D be a closed bounded convex subset of a uniformly 
convex Banach space. If T is a continuous mapping of D into itself such that 
(4.5) and (4.6) of Theorem 4.2 hold and I - T is convex on D, then for each x 
in D and h in (0, 1) the sequence of iterates (xn} C D determined by x, = T,,“(x) 
for each n is such that {xn> contains a weakly convergent subsequence with its 
limit in F(T), and moreover, every weakly convergent subsequence of {xn} has a 
point in F( T) for its limit. If additionally we assume that F( T) contains only one 
point, say p, then x,-p as n+ co. 
Proof. To prove Corollary 4.3 it suffices to show that, for each fixed h 
in (0, l), the mapping TA satisfies the conditions of Theorem 4.3. Now, 
since D is convex and T: D -+ D is quasi-nonexpansive, it follows that 
T,: D + D, F( T,,) = F(T) # 8, and T, is also quasi-nonexpansive. Further- 
more, Lemma 2.1 shows that TA is asymptotically regular on D. Moreover, 
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V,, = I - T,, is also convex since for any given h in (0,l) and x and y in D 
it is easy to see that 
d &(I - 4 (II x - W)ll + IIY - T(y)l~l 
= Hll x - T&)ll + II Y - Till>- 
Hence, by Lemma 4.1, T,, satisfies condition (4.3) for each fixed h in (0, 1). 
Thus, TA satisfies all the conditions of Theorem 4.3 and so the conclusions of 
the latter are applicable. Q.E.D. 
We add that, under suitable assumptions, Theorems 4.2 and 4.3 are also 
applicable to 1 -set-contractive and 1 -ball-contractive mappings defined on 
bounded sets for which one can show that F( T) # 0. Indeed, as an illustration, 
we state two more corollaries to Theorem 4.3 which, to the best of our knowl- 
edge, represents new iteration results for l-set and l-ball contractions. 
COROLLARY 4.4. Let X be a uniformly convex Banach space, D a bounded 
closed convex subset of X, and T a conditionally quasi-nonexpansive mapping of 
D into D which is either I-set-contractive or I-ball-contractive. If we additionally 
assume that I - T is demiclosed at 0 (i.e., zf {y%} is any sequence in D such that 
yn - y,, in D and yn - T(y,) + 0, then (I - T) (y,,) = 0), then for any x0 
in D and A in (0, 1) the set W(x,) C D of weak limit points of the sequence 
(Tnn(xo)} is nonempty and every p in W(x,) is a Jixed point of T. If we assume 
additionally that T has at most one Jixed point, then (T,,n(xo)} converges weakly 
to that point. 
Proof. Since D is convex and T(D) C D, for any fixed w ED and 
k, E (0, l), the mapping T, defined on D by T,(x) = (1 - k,) w + k,T(x) 
is either a k,-set-contractive or a k,-ball-contractive mapping with k, < 1 
of D into itself. Hence, by the theorem of Darbo [lo] or Sadowsky [39], therf 
exists yn E D such that yn = T,(y,). Taking k, in (0, 1) such that k, + ’ 
as n -+ co and noting that (T(x,)} is bounded we see that 
T(Y,) - in = T(Y,) - T,(Y,) = (1 - U T&J - (1 - kn) ZL’ - 0 
as n--f co. Since {y,} C D is bounded, D convex, and X reflexive, without 
loss of generality we may assume that yn - y0 E D. This and the fact that 
I - T is demiclosed at 0 implies that y0 - T(y,) = 0, i.e., F(T) # 0. 
Since T is also quasi-nonexpansive and X is uniformly convex, Lemma 2.1 
implies that TA is asymptotically regular at each x,, in D. Moreover, the demi- 
closedness of I - T at 0 implies that T,, satisfies condition (4.3) of Theorem 
4.1. Consequently, the conclusion of Corollary 4.4 follows from Theorem 4.2. 
Q.E.D. 
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We add in passing that in case T is nonexpansive on D it was shown by 
Browder [7] that I - T is demiclosed. In [26, 271 Nussbaum established the 
demiclosedness of I - T for a much wider class of continuous mappings 
T: D + X, the so-called lane mappings, defined as follows: given any x in D 
and E > 0 there exists a weak neighborhood N, of x in D (depending also on e) 
such that 
II T(u) - T(v)11 < II u - n II + c for all U, v in N, . 
Since, as has been shown in [26], lane mappings are I-set-contractive, 
the iteration results discussed in this section are also applicable to such 
mappings. In addition to nonexpansive and lane mappings, the class of l-set 
and l-ball contractive mappings contains also a class of semicontractive 
mappings and mappings of semicontractive type introduced by Browder [6] 
and further studied by Browder [7], Webb [42], Petryshyn [37], Nussbaum 
[26], and others. 
If in Corollary 4.4 it is assumed that D is the closure of an open bounded 
convex subset in X, then the following result also hold. 
COROLLARY 4.5. Let X be a uniformly convex Banach space, D a bounded 
open convex subset of X, and T a quasi-nonexpansive mapping of the closure D 
into X such that T is either 1-set-contractive or 1-ball-contractive and there 
exists an y,, in D for which 
T(y) - y,, # y(y - yO) for ally E aD, and ally > 1. 
Zf additionally we assume that iTAn( C D for some x0 in D and that Z - T 
is demiclosed at 0, then the set W(x,) C D of weak limit points of {T,,“(x,,)} has 
the property specified in Corollary 4.4. Zf we assume additionally that T has at 
most one fixed point, then { Thn(x,,)} converges weakly to that point. 
Proof. As in the proof of Corollary 4.4, it suffices to show that for T 
satisfying the conditions of Corollary 4.5 the set F( T) # 13. But the latter fact 
follows from Petryshyn’s fixed point theorem [36]. 
If we strengthen the conditions on X, then we may sharpen the assertions 
of Theorems 4.2 and 4.3 and their corollaries by eliminating the hypothesis 
that F(T) consists of a single point. The additional condition on X (see 
Property (0) below) is the one introduced by Opial in his paper [29] in which 
he generalized certain results of Schaefer [40] and of Browder and Petryshyn 
[8] concerning the weak convergence of a sequence of successive iterants for 
nonexpansive mappings. The theorems obtained here extend those of [40, 8, 
291. They are also related to the results in [15]. 
Our first result in this area is the following convergence theorem in which, 
unlike Opial [29], we do not assume that X is uniformly convex. 
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THEOREM 4.4. Let X be a strictly convex and reflexive Banach space, D a 
closed convex subset of X, and T a continuous mapping of D into X such that 
(4.5) F(T) # tl. 
(4.6) T is quasi-nonexpansive on D. 
(4.7) There exists an x0 in D such that T”(x,,) E D for n 3 1. 
(4.2) T is asymptotically regular at x0 . 
(4.3) If {xaj} is a subsequence of {xn} = { T”(x,)} such that x,~ - f in D 
and (I - T) (xv,) + 0, then (I - T) (2) = 0. 
(4.8) The space X has the Property (0): If { y3 is any sequence in X which 
converges weakly in X toy,, , then 
liminfI!y,-y~~>liminfIIy,-yy,I/ for ally # y. . 
Then the sequence {xn} converges weakly to a$xed point of T in D. 
Proof. Theorem 4.2 implies that {xn} contains a weakly convergent sub- 
sequence with its limit in F(T), and moreover, every weakly convergent 
subsequence of (xn} has some point in ji in F(T) for its limit. We will show 
that our additional condition (4.8) implies that ji is the same for every weakly 
convergent subsequence of {x~} and thus that x, --p as n --f cc. 
First, since X is strictly convex and T: D -+ X is quasi-nonexpansive, 
Lemma 2.2 implies that F( T) is a convex subset of D which is obviously closed 
because T is continuous. Let B(po, r) be a closed ball about some point p, in F 
which also contains the point x0 from D for which { T”(x,)} C D. It follows that 
(Tn(xo)) lies in the bounded closed convex set Do = D n B(p, , r). Indeed, 
(4.6) implies that jl T(x,) - p, /I < II x0 - p, I/ < r, i.e., x1 E Do . If we assume 
that xk lies in Do for k > 1, then (4.6) again implies that xkfl lies in Do since 
II x k+l - P, II = II Wd - P, II < II xk - P, II < r. Consequently, we may 
limit our consideration to the restriction of T to D,, . We denote this restriction 
again by T and note that its set of fixed points F, = F(T In,) is a nonempty 
closed bounded convex subset of Do given by F, = F(T) n Do . Since for 
each x in F. and n, in view of (4.6), we have 
II xn - x II < II T”(xo) - x II = II W,-J - x II G II x,-l - x II , 
we can define the functional f from F. to R+ = {t E R I t 3 0} by means of 
the equation 
f(x) = li,m II 3, - x II , XGF,. 
It is not hard to show that f (x) thus defined is a continuous real-valued convex 
functional defined on F, . Hence f is weakly lower semicontinuous and there- 
fore, since F, is weakly compact (being a bounded closed convex subset of a 
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reflexive Banach space X), f attains its infimum on F,, , i.e., there exists an 
element 5 in F, such that f(p) = inf(f(x) ( x E F,,}. 
Now we prove that x, = T”(x,) -fi as n--f CO. Suppose the contrary. 
Then, by the reflexivity of X and the boundedness of {x,>, there exists a 
weakly convergent subsequence {x~,} of {xn} whose limit p, by Theorem 4.2, 
lies in F, and which is such that p # j?. Now, since lim, // x, - x Ij exists for 
every x in F,, and since X has Property (0), it follows that 
li,m II x, -Fll =lhIIx,, I - Fll > lim II xnj - p II = li,m II x, - p 11 , 
i.e., f(3) >f(p), in contradiction to the definition of F. Hence p =fi and, 
therefore, x, 2-p as n + co. Q.E.D. 
Let X* be the dual space of X and let (w, z) denote the value of the linear 
functional ru E X* at the element x in X. Let p be a continuous strictly 
increasing real valued function on R+ with ~(0) = 0. A map J, in general 
multivalued, of X + 2x* is called (see [4]) a duality mapping of X into X* 
with the gauge function p if 
J(x) = tw E X* I h 4 = II w II II x II and II w II = 41 x II>>. 
We say that J is weakly continuous at a point x if there exists a selection for J 
which is weakly continuous at x. If J is weakly continuous at every point x in 
.X, then J is said to be weakZy continuous. It has been shown in [22] that if J 
is a weakly continuous duality mapping of X into X*, then J is necessarily 
single-valued and the space X has Property (0). 
Consequently, as a corollary of Theorem 4.4 we deduce the following new 
result. 
THEOREM 4.5. Let D be a closed convex subset in a strictly convex and 
vejexive Banach space having a weakly continuous duality mapping. If T is a 
continuous asymptotically regular mapping of D into D such that F(T) # 0, 
T is quasi-nonexpansive, and T satisjies condition (4.3) for any x,, in D, then for 
any x,, in D the sequence { T”(x,,)} is weakly convergent to aJixedpoint of T. 
It was also shown in [22] that if J is a duality mapping of X into X* which 
is weakly continuous only at x = 0, then 
liminfI/y,-y~~>liminf~~y,-yy,/l for all y#yo (4&J 
whenever yn - y,, as n -+ co. Furthermore, it is easy to see that if X is also 
assumed to be uniformly convex, then the strict inequality holds in (4.8,) i.e., 
X has Property (0). Since a uniformly convex Banach space is both strictly 
convex and reflexive, Theorem 4.5 implies the validity of the following 
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corollary which generalizes Theorem 2 of Opial [29], established in [29] 
under the assumption that X is uniformly convex, J is weakly continuous, 
and T: D -+ D is asymptotically regular and nonexpansive with F(T) # 8. 
COROLLARY 4.6. Let D be a closed convex subset in a uniformly convex 
Banach space having a duality mapping J which is weakly continuous at x = 0. 
If T is a continuous asymptotically regular map of D into D such that F( T) # 8, 
T is quasi-nonexpansive, and T satisfies condition (4.3) for any x0 in D, then for 
each x,, in D the sequence T”(x,) converges weakly to a Jixed point of T. 
Remark 4.2. To see that Theorem 2 in [29] is a special case of Corollary 
4.6, it suffices to note that if X is uniformly convex and T: D - D is non- 
expansive with F(T) # 8, then I - T is demiclosed. Hence T is quasi- 
nonexpansive and satisfies condition (4.3). 
If in Theorem 4.4 we assume that X is a uniformly convex Banach space 
and if instead of iterates {T”(x,)) we consider the iterates {x,} given by 
x, = TA”(x,) for X E (0, I), then we may omit the hypothesis (4.2) which 
requires T to be asymptotically regular at x,, . 
THEOREM 4.6. Let D be a closed convex set in a uniformly convex Banach 
space X and let T be a continuous map of D into X such that 
(4.5) F(T) # @ 
(4.6) T is quasi-nonexpansive. 
(4.7) There exist x,, E D and X E (0, 1) such that { Thn(xO)) C D for n 3 I. 
(4.3) If {x$} is a subsequence of {xn} = {TA”(xO)} such that xnj - 2 in D 
and (I - T) (xn,) -+ 0 asJ + to, then (I - T) (2) = 0. 
(4.8) X has Property (0). 
Then, under the above conditions, the sequence iTAn( converges weakly to a 
fixed point of T. 
Proof. Theorem 4.6 follows from Theorem 4.4 and Lemma 2.2 since the 
assumption that X is uniformly convex and T: D -+ X is quasi-nonexpansive 
imply that X and TA satisfy all the conditions of Theorem 4.4. 
Our discussion preceding the statement of Corollary 4.4 and Theorem 4.6 
imply the validity of the following corollary which generalizes Theorem 3 
of Schaefer [40] for weakly continuous nonexpansive mappings in Hilbert 
spaces as well as Theorem 3 of Opial [29] for nonexpansive mappings and 
Banach spaces having weakly continuous duality mappings. 
COROLLARY 4.7. The assertion of Theorem 4.6 remains valid ij instead of 
the condition that X has Property (0) we assume that X has a duality mapping 
which is weakly continuous at x = 0. 
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Remark 4.3. In case X is a Hilbert space and T a continuous quasi- 
nonexpansive mapping of D into D with F(T) # 0 and I - T demiclosed, 
the weak convergence of { TAn(xo)} t o a fixed point has also been obtained in 
[15] from the corresponding result for the normal Mann process. 
Remark 4.4. If in Corollaries 4.3, 4.4, and 4.5, it is assumed that X has 
either Property (0) or a duality mapping which is weakly continuous at 
x = 0, then the sequence of iterates {TAn(xo)} converges weakly to a fixed 
point of T in D without the additional assumption that T has only one fixed 
point in D. 
Note added in proof. In their recent paper, A fixed point theorem in uniformly 
convex spaces, Boll. U.M.I. 7 (1973), Goebel, Kirk, and Shimi have obtained a fixed 
point theorem for mappings T: D C X + D satisfying the condition 
(7~) IITx-Ty’l ~~ll~-~ll+~~l!~-T~ll+ll~-Tyll}i~~llx-TyII+lly-T~II~ 
for all x and y in D, where a > 0, b > 0, c > 0, and a + 26 + 2c < 1. The following 
simple argument shows that a map T satisfying condition (n) and with F(T) + 0 
is quasinonexpansive. Indeed, let p EF(T) and set oi = a + 2b + 2c. Then, in view 
of (n), 
II TX - P II < a II x - P II + b II x - TX II + c{ll x - P I/ + lip - TX ii}, 
and, therefore, 
(1 - c) Ii TX - P II < (a + 4 I/ x - P II + b II x - TX I;. 
On the other hand, /I x - TX Ii < I/ x - p /j + l/p - TX //, so that 
(1 - b - c) I/ TX - p /I < (a i- b + c) ;I x - p 11 = (a - b - c) 11 x - p /(. 
This implies that 11 TX - p /I < 11 x - p I! since a < 1. 
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